T h e in d u ctio n o f electric currents in a n on -u n iform ion osp h ere Calculations are made of the distribution and the magnetic field of the currents induced in a non-uniformly conducting ionospheric shell by an external magnetic field, which is either periodic or subject to sudden changes. Assuming that the initial phase of magnetic storms is due to field changes outside the ionosphere, it is shown that its mean integrated conductivity is probably not much greater than 10~7 e.m.u. It is found that electromagnetic shielding by the ionosphere has an im portant effect on the distribution of field changes observed on the earth, and may lead to an apparent diurnal variation of frequency of occurrence of sudden commencements at a given station.
. I n t r o d u c t io n
I t is generally assumed, in theories of magnetic storms and allied phenomena, th a t some of the transient variations of the geomagnetic field originate from field changes outside the ionosphere. If these changes are very rapid, e.g. as in sudden commence ments of magnetic storms, appreciable electric currents may be induced the iono sphere, which would considerably modify the field changes observed on the earth's surface. I t is of interest, therefore, to calculate the nature of the modifications which would be produced by a hypothetical ionosphere, having properties resembling as closely as possible those (where they are known) of the actual one. This may lead to some explanation of observed phenomena; it may also yield further information about the ionosphere (e.g. as to the magnitude and distribution of its conductivity), and it may help to assess the value of those theories which ascribe various geo magnetic phenomena to field changes occurring in outer space.
In this paper we consider the currents induced in an ionospheric shell of nonuniform conductivity by an external inducing field, and the effects which these currents produce at the earth's surface. In this first attack on the mathematical problems involved, we make a great many simplifying assumptions. We assume a distribution of conductivity of very simple form ( §2), and we take the inducing field to be uniform and parallel to the earth's geographic axis. We neglect the obliquity of the earth's magnetic axis, and we ignore the anisotropic character of the conductivity of the ionosphere arising from the earth's magnetic field. We also neglect the influence of any currents induced in the earth itself. Nevertheless, the discussion of this greatly simplified problem leads to some results, which appear to be of interest.
We find th at the mean integrated conductivity of the ionosphere must be taken of order 10~8 to 10-7 e.m.u., to permit reasonable hypotheses to be made as to the [ 198 ] magnitude and character of the field changes occurring outside the ionosphere during the initial phase of magnetic storms ( § § 12 and 13) . This agrees well with the estimate of the conductivity, derived from other considerations by Cowling (1945) . Electromagnetic shielding by the ionosphere will slow down the resulting field changes observed on the earth's surface, and the non-uniform distribution of con ductivity in the ionospheric shell will cause this slowing down to be much more important a t some places than a t others. In the case of sudden commencements (s.c.'s), this slowing down may be so great a t some places th at the resulting change would not be sufficiently abrupt to be recognized as an s.c. This would lead to an apparent diurnal variation of the frequency of occurrence of s.c.'s at the station. I t is possible, though not certain, th a t the results found by Newton (1948) at Greenwich may be explained in this way ( §14).
In considering periodic fields, we find th at the shielding effects of a non-uniform ionosphere, of about the same mean conductivity as above and such th at the con ductivity of the sunlit side is about four or more times as great as th at of the dark side, would give a simple explanation of the observed dependence on local time of those micropulsations of the earth's field, which are sometimes observed in low and middle latitudes ( §9).
We are also led by our results to suggest a simple explanation, in terms of the distribution of decaying current systems in the ionosphere, of two well-known phenomena of magnetic disturbance, namely, Schmidt's 'wandering vortices' and Sangster's rotating disturbance vectors ( § § 16 and 17) . Though these phenomena have been known for many years, we are not aware of any previous explanation of them.
. T h e m a t h e m a t ic a l p r o b l e m
We consider a non-uniform isotropic spherical conducting shell, whose resistance is given by p =/>o{1+emBe)> (1) the angle 6 being measured from the axis BOA (figure 1). In the application to the ionosphere, B is the point on the earth's surface directly beneath the sun. The conductivity at B is thus taken as (1 +e)/(l -e) times th at at A, and the mean con ductivity over the whole sphere is (l/2ep0) log {(1 + e)/(l -e)}. The total conductivity of the sunlit hemisphere is -log (1 -e)/log (1 + e) times th at of the dark hemisphere.
We suppose th at a uniform magnetic field perpendicular to the axis of and of external origin has a given time variation; the problem is to determine the total magnetic field a t various places just inside the shell and the (varying) distribution of induced currents in the shell. We consider in particular (i) the steady-state solution for periodic variations of the inducing field, and (ii) the effects of sudden changes of the inducing field. The effects of any other time variation of the field can be deduced from these.
T h e f u n d a m e n t a l e q u a t io n s
The general theory of the induction of currents in any non-uniform surface distribution of isotropic conducting material has been discussed by one of us in another paper (Price 1948) , from which the following general formulae are taken.
Let a spherical shell of radius a and of resistance given by (1) be situated in a varying magnetic field. The scalar potential of any such field may be expressed as the real part of n 0.e = a^ 2 {ZnE™ + £-n-xI%)eim* Pn (cos 6),
where £ = r/a, and E ™ , I™ are complex numbers, their rea being given functions of the time.
The potential of the induced field can similarly be expressed as the real part of
or 0,'t = a 2 2 e™ eim$ P % cos 6) for n= l m=0 J where (n + 1) = -n e %, and the e™'s are complex functions of the time, which have to be determined in terms of the known E %'s and s. When the inducing field arises from sources external to the shell, the s are zero and the e™'s satisfy the equations Po e(n 2 -1 ) ( n-m) 1 + p0 en2(m 1 +p0n2(2n 1) e,7 + 4 + E%) = 0.
Corresponding to each integer m^ 0 there is an infinite s tending from n = mt o n = 00. Coefficients corresponding to dependent, implying th at a spherical harmonic component of given rank m in the inducing field gives rise to harmonics of the same rank only in the induced field. This is because the assumed distribution of conductivity is independent of the co-ordinate (j).
In the particular case which we now consider, the inducing field is uniform and perpendicular to the axis of 0\ its potential can therefore be taken as Q.e = a^E{t) cos 0 sin 6,
corresponding to E\ = E(t), with all the other coefficients in (2) zero.
The induced field will contain only harmonics of the form cos 0) cos<f>, and the recurrence formulae (5) giving the time factors e* (£) of these harmonics reduce to (omitting now the affix m = 1 as superfluous)
The induction of electric currents in a non-uniform ionosphere 201
Po e ( n2 -1 ) (n -1 ) en_1 + j + 1) + 4 ^ J en +p0en2(n + 2) en+1 = 0 for 1, with 13/?0-h477-«^| e1 + 3p0ee2 = -for 1.
For brevity we now write these equations in the forms e»+i = an€"1en + 6nen_1,
where an = -(2n + 1 + 3AZ))}/(w + 2),
and D denotes the operator dfdt. From (9) and (10) it may be shown th at
where p n = c in^P n -i + K P n p 1 = 1, 0, q n = a n e~1(l n -l +
( 8 )
( 10)
The ratio p j q n is in fact the nth convergent of the continued fraction in the expres sion -xDE(t) , \ax e-1 + a2 e-1 + a3 e-1 + which may be obtained formally from (9) and (10) by writing (10) in the form (17) A e~xDE(t), and then making successive substitutions for from (9). The coefficients p n, qn in (15) and (16) are polynomials of degree n -1 and respectively, in the differential operator D, so that (14) is a differential relation of degree n connecting en+1 and ev Since the induced field must be finite everywhere on the surface of the sphere r = determined by the transcendental differential equation 
Xe

P e r io d ic i n d u c i n g f i e l d
If the inducing field has a simple harmonic time variation, say = Ecosat, and we require only the steady-state solution, we may write E(t) as the real part of E eiat and replace the operator D in the above by ia. The value of ex (2) 
the successive complex numbers ln for increasing integral values of n tend to a limit l as oo. From (14) it will be seen that the time factors e2> e3, ... can then be determined in the form en+1 = When e = 0, we have from (7) and (8), = 0 for every 1, and eiat &1==~ 1+Aia * which agrees with the known result for a uniform shell. 
A p e r io d ic i n d u c i n g f i e l d
When the inducing field varies in any given manner, starting a t some particular instant, it is necessary, in order to find the induced field, to obtain the complete solution of the differential equation (18) satisfying the given initial conditions. Whatever method is adopted for solving this equation, the work involved is some what laborious, but we find the most convenient and practical method is to use the Heaviside operational calculus. This leads immediately to the solution for the case when the inducing field changes instantaneously by a finite amount, and from this the solution for any other time variation can be derived.* In the present calculations the effects of sudden changes only in the inducing field are considered; we therefore write
where Ei s a constant and H(t) is Heaviside's discontinuous function, defined by H(t) = 0 when t <0 and H(t) = 1 when
If in this expression the ratio
is expres fraction as in (17), it may be replaced by the 'corresponding series'
a, e-J l+ S c we2wj, where the coefficient cn has been shown (Price 1948) to have the value
In this way ex(t) may be expressed as a power series in e2, the coefficients being functions of the operator D, acting on H(t). Each of these coefficients can then be evaluated as a function of t by the rules of the operational calculus. The series thus obtained is found, however, in the present calculations, to be only slowly convergent, and the following alternative method is used. The induction of electric currents in a non-uniform ionosphere 203
6 . N u m e r ic a l v a l u e s
The value of e chosen for the calculations was 0*9; this makes the conductivity a t B 19 times th at at A (see figure 1) , and the average conductivity over the sunlit hemisphere 3-59 times th at over the dark hemisphere. The mean conductivity of the whole ionosphere shell has been taken as 10~7 e.m.u., which corresponds to p0 = 1*636 x 107. This makes the conductivity a t B equal to 6-11 x 10~7 e.m.u., and at A, 3*22 x 10-8e.m.u., the average conductivity of the sunlit hemisphere being 1*56 x 10-7 e.m.u., and of the dark hemisphere 4*36 x 10-8 e.m.u.
Results for any other mean conductivity can be obtained by altering the time scale in the same ratio as the conductivity, since p0 and t always appear in the formulae in the combination (1 jpQ ) (d/dt) . This means that, in cal of sudden changes in the inducing field, one general calculation serves for all values of pQ . In the case of the periodic field, altering the time scale in any result means, of course, altering the period of the inducing field in the same ratio, so that a series of calculations for different periods also serves to give results for periodic fields of the same period, but applied to shells of different mean conductivities.
Taking the radius a of the shell to be 6*44 x 108 cm., the value of A, given by (13) for the above value of p0, is 1*648 x 102.
T h e i n d u c e d f i e l d f o r p e r i o d i c v a r ia t io n s
The magnetic field of the induced currents was calculated for three cases, corre sponding to the inducing field having simple harmonic time variations of periods (i) 20 min., (ii) 10 min. and (iii) 2 min., when the mean conductivity of the shell is taken as 10~7 e.m.u. The same calculations will apply to a shell of mean conductivity 10-7 k e.m.u., where k is any constant, if the inducing field have periods 10& and 2A ; min. The corresponding values of a and the successive values of ln, leading to the limit l in each case, are shown in tables 1 a, 16 and 1 c.
The potential of the induced magnetic field for points just inside the shell is given by the real part of " = £nenPn(cos0)cos0, The total field (inducing + induced field) was evaluated at the points A and B (figure 1) just inside the conducting shell, using (29) and (30), and the above values of enfor the three periodic fields indicated. At these points the field is entirely hori zontal and along the meridian < }> = 0. The results are shown in These figures also show the total field at any point on the equatorial great circle (< f> = \ tt) through A and B, when the same total amount of conduc spread uniformly over the whole spherical shell. I t will be seen that the amplitudes of the total field at A and at B differ consider ably. In the case of an oscillating field of period 2 min. the amplitude of the total field inside the shell at A is about 19 % of the external inducing field, and at B is less than 3 %. This may be of interest in connexion with the observed distribution of micropulsations of the earth's field, and is considered further in § 9.
. T h e i n d u c e d c u r r e n t s y s t e m f o r p e r io d ic f i e l d s
The induced current density, integrated over the thickness of the shell at any point, is given by ^ _ nA grad^ (32) where n is a unit vector along the outward normal to the shell, the sign a denotes a vector product and \Jr is the stream-hne function, determined by
The current lines on the shell are therefore given by
n= 1 n+ l and the total current (in e.m.u.) crossing any line joining two points P and Q is the difference of the values of fr at these points. The current lines have been determined for the case when the inducing field has a period of 10 min. (corresponding to table 16 above). These lines are traced in figure 3 for a number of different epochs during the half-period; for the remaining half-period the current lines have the same distribution but are reversed in direction. In figure 3 the shell is viewed from above the north pole and the curves shown are the orthogonal projections of the current lines on the equatorial plane. The full-line curves correspond to equal increments of 0-1 in C, C being zero on the equatorial circle ({> = \it.The broken-line curves correspond to increments of 0*05 in C. I t will be observed th at figures 3 a, 36, 3 and 3 correspond to four different times separated by equal intervals of 1*25 min. Figures 3 and 3 correspond to times which are very close to the epochs of minimum and maximum current density; the remaining figures are drawn to illustrate special features of the changing current distribution.
If the shell were uniform, the current lines corresponding to the same inducing field would be small circles of the sphere, whose projections on the equatorial plane are concentric circles. The number of these circular current lines at any particular time would be nearly the same as the number of current lines shown for the same time in figures 3 a to 3
j .The induced current would be everywhe t = 1-9, which is near (but a little later than) the epoch of minimum current density (figure 3d) for the non-uniform shell.
An important difference between the results for the uniform and the non-uniform shells is that, whereas in the uniform shell the current lines are fixed (only the intensity varying), in the non-uniform shell both the form of the current lines and the intensity of current are variable. This means th at in the latter case there is a periodic variation in the direction of the total field (except for special points like A and B ) ,i n contrast to the case of the uniform shell, where the direction of the total field is the fixed direction of the inducing field.
From figure 3 it will be seen th at the changing current distribution corresponds to the growth, movement and decay of current vortex systems. Each vortex system comes into existence a t A , the point of minimum conductivity (cf. figure 3c ). I t grows slowly in intensity as its centre moves (at first rapidly and then more slowly) towards the north pole. At the same time the previous vortex system, which is of opposite polarity, gradually decays as its centre moves towards the point of maximum conductivity B; this system finally disappears a t about the same time th at the centre of the new system reaches the pole (figures 3 / and 3 The new vortex system continues to increase in intensity until its centre is about 78° angular distance from B, after which it gradually decays and disappears when its centre reaches B.
Comparison of figures 2 and 3 shows how the induced current distribution is related to the total field a t A and a t B. At the beginning of the period, when the inducing field E cos at is a t its maximum, the induced currents reduce the total field a t A to about 42 % of the inducing field, and the field a t B to about 3 %. During the interval from t = 0 to t = 1*25 min., the induced curr decreasing, and the total fields both a t A and a t B are therefore increasing, though the inducing field is decreasing. After 1-25 min. the induced current density in the neighbourhood of A is almost zero, and the total field a t this point is then very nearly equal to the inducing field. The current density in the neighbourhood of B is still appreciable however, and does not become zero until about t = 2-1 min., a t which time the total field at B becomes nearly equal to the inducing field. At about t = 1*4 min. a new current vortex system comes into existence a t A , and the sub sequent growth and decay of this system, as its centre moves along the meridian towards B, will be seen to account for the further changes in the total fields at A and B.
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M ic r o p u l s a t io n s o f t h e e a r t h 's f i e l d
The above results, in particular those for the oscillating field of period 2 min., suggest a simple explanation of the observed distribution of those micropulsations of the earth's field, which occur occasionally in lower and middle latitudes and have periods of from 1 to 3 min. (Chapman & Bartels 1940, p. 349) . These appear to occur most frequently around midnight. Thus Lubiger (1935) found, from an examination of the records at several stations, that the frequency of pulsations recorded during the 4 hr. centred at midnight was higher than that for the 4 hr. centred at noon in the following ratios: Samoa 4*2, Batavia 4-3, Potsdam 110, Zikawei 3-4. He also found th at at Samoa the shorter period pulsations (under 90 sec.) gave the night maximum more sharply than the longer period pulsations. These are exactly the features we should expect to find if the pulsations originated from sources outside the ionosphere (as has been suggested* by Stormer 1931), or a t least outside the greater part of the ionosphere, e.g. in the F layer, sinc non-uniform ionosphere will tend to reduce the amplitudes of the pulsations near the subsolar point B to values considerably less than for those near A, in the manner shown by the above calculations. Since the observed pulsations have amplitudes of only a few y, the reduction in amplitude near B would frequently be sufficient to * An alternative suggestion, is th a t th ey m ay be due to oscillations either of the radius or of the plane of a geomagnetic ring current such as is assum ed in Chapm an and F erraro 's theory of magnetic storm s. The radial oscillations are discussed in their 1941 paper.
Figures 3
a t o j . The d istribution of induced currents a t different epochs for an inducing field of period 10 m in. The full lines correspond to equal increm ents of 0-1 in th e current function C, C being zero on th e equatorial circle. The broken line curves correspond to increm ents of 0-05 in C. t vortex centre stren g th t vortex centre strength a 0 72° from 1-18 / 2-08 21° from 0-05
bring them below the limit of observation, so that the frequency of observed pulsa tions would be greater at A than at B. Moreover, an increase in the rapidity of the pulsations, besides increasing the overall reduction of amplitude, would increase still further the difference in ampli tudes at A and B (cf. figure 2) . This is in agreement with the results found at Samoa for pulsations of different periods.
Another interesting possibility is suggested by the above-found distribution of induced currents; this concerns the influence of the return currents in high latitudes on the sunlit side of the ionosphere (cf. figure 3) . These currents would contribute, to the total magnetic field in high latitudes, a quota which tends to enhance the horizontal component instead of reducing it as in lower latitudes. Hence the amplitudes of the pulsations in these latitudes would be greater than for a corre sponding uniform ionospheric shell. To illustrate this, the amplitude of the horizontal H and vertical V components of the total field were calculated for points at various latitudes on the meridian through A and B. These values are shown in table 2. I t will be seen that the amplitude of the horizontal component is considerably increased at about 60° latitude on the sunlit side, while it is decreased considerably at the same latitude on the dark side. There is also a considerable decrease of the vertical component on the sunlit side and an increase of this component on the dark side; it would be interesting to see whether the observed distribution of pulsations in the vertical component is of a similar character, though it must be remembered th at this component will be considerably reduced by induction of currents within the earth.
The above calculations have been based on the assumption th at the mean con ductivity of the ionosphere is 10~7 e.m.u. This value makes the ratio of the amplitudes of 2 min. pulsations at A and B about 7:1, and requires the inducing field outside the ionosphere to be 5 times as intense as th at at I t will also be seen from figure 2 that, if the conductivity were 5 x 10-8 e.m.u., the ratio of the amplitudes at A and B would be about 3-5:1, and the external field about 1-6 times th at at A, while if the conductivity were 10-8e.m.u., the ratio of the amplitudes at A and B would be about 2-3:1, and the external field about 1-25 times that at A . If the conductivity were much less than 10-8e.m.u., the screening effect for such pulsations would be small, and would be unlikely to explain their apparent dependence on local time. On the other hand, if the conductivity were much greater than 10~7 e.m.u., the pulsations of the external inducing field would have to be many times greater than the observed pulsations (e.g. for a conductivity 10-6 e.m.u., about 100 times greater). I t seems, therefore, that the value of the mean conductivity of the ionosphere, which fits best with the assumption th at micropulsations are due to a fluctuating field outside the ionosphere, is between 10~8 and 10-7 e.m.u.
The giant (Rolf) pulsations which are observed in limited regions near the auroral zones have amplitudes 4 or 5 times as great as the micropulsations observed in lower latitudes, and it is possible th a t they may be due to some entirely different cause. The present calculations suggest, however, the possibility th a t the greater ampli tudes of these pulsations may be due simply to a high concentration of induced currents in those regions where they are observed, i.e. these pulsations, as well as those in lower latitudes, may originate from some external varying field, but are greatly magnified in auroral regions by the induced currents which tend to con centrate in those localities which are most highly conducting. '
The present calculations cannot of course be used to examine this possibility quantitatively, since they do not allow for a high conductivity near the auroral zones, but it is not difficult to see th a t distributions of conductivity could be found which would make the field of the induced currents at certain places considerably greater than the inducing field itself. I t is perhaps significant also th a t the giant micropulsations appear to be most frequent at about the same time th at the daily variation in H attains its maximum (El Wakil 1937).
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T h e i n d u c e d f i e l d r e s u l t i n g f r o m s u d d e n CHANGES IN THE INDUCING FIELD
To determine the result of a sudden change EH(t) in the inducing field, the successive convergents, e1>s(t), to ex{t) were calculated by the method indicated in §5. Using Heaviside's partial fraction rule, the operational formula (28) I t will be seen from this table th at a considerable difference still remains between the expressions of the exponential form (35) for the 9th and 10th convergents to ex(<), so th at the expression for e1>10(<) cannot be regarded as giving correctly the form of the exponential expression for the limit ex(t). When, however, the two expressions e1>9(t) and eXi 10(t) are evaluated numerically, they give values which differ by quite negligible amounts for all positive values of t. This will be seen from table 4, which gives the values of these expressions for the first 30 min. following a sudden change of magnitude unity in the inducing field, the mean conductivity of the shell being 10~7e.m.u. 
. V a l u e s OF THE TIME FACTORS e n (MULTIPLIED BY + 105) IN THE EXPRESSION (37) FOR THE INDUCED FIELD
The values of e110(£) in this table were therefore taken as the values of the limit as s->oo of el s(t), i.e. as the values of e^t). The values of ez{t)} e3(t), ..., e10(t), were then calculated from the equation
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The potential of the total field at points just inside the shell is given (for 0) by
Using the above values of en(t), the field was first evaluated at the points A and (figure 1), at which points the field is entirely horizontal and northward, being given which also shows the total field at A or shell of the same mean conductivity (10-7e.m.u.). The same graphs will apply to a shell of mean conductivity 10~7 fce.m.u. where is any constant, if the time scale is multiplied by k. I t will be seen th at the field rises much more slowly to its final value at B than it does a t A , indicating a greater shielding effect of the ionosphere at B than a t A. This appears of interest in connexion with sudden commencements of magnetic storms, which are considered in § 12 below.
If the inducing field, after the first rise, suddenly falls again after, say, 3 min., the fields at A and at B are as shown in figure 46 . For a sequence of sudden changes of alternate sign, separated by equal intervals of 5 min., the fields are as in figure 4c. This figure was constructed partly to check the calculations by comparing with the simple harmonic field of period 20 min., shown in figure 26. The methods of calcula tion in the two cases are very different, but it will be seen from the figures th at the results for the induced fields show good agreement.
To illustrate the general distribution over the globe of the total field resulting from a sudden change in the inducing field, the components of the field were cal culated as functions of the time for the points marked A , B, C, D, E\ a, 6, c, d, e; a, /?, y ; N , in figure 5 a. These points are all in the northern half of the a.m. hemisphere, N being the north pole; the four groups of letters correspond to latitudes 0°, 45°, 60° and 90° and the different letters to local times Ohr., 3 hr., 6 hr., 9 hr. and 12hr. The north, east and upward-vertical components of the resultant field at these points are shown in figures 56 to 5 j .The field at corresponding points in th of the a.m. hemisphere will be the same except that the signs of the declination and vertical components are changed, i.e. the declination is westward and the vertical component downward. The distribution of the field over the p.m. hemisphere will be the same as that over the a.m. hemisphere, except for the declination, which will be westerly in the northern half of the p.m. hemisphere and easterly in the southern 
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It will be seen from the figures th at the north and vertical components tend in each case to a limiting value, which is, in fact, the corresponding component of the external field. On the other hand, the declination component soon falls away again to zero; this is because the declination component is, of course, due entirely to the induced currents and decreases again as they decay.
It will also be seen th at the north component in high latitudes (figure 5c) reaches a value on the day side of the earth (e.g. at J3) which is greater than the corresponding component of the external inducing field. This means th at the induced current system, instead of reducing the field component as in the case of a uniform iono spheric shell, actually enhances the north component at such points.
T h e d i s t r i b u t i o n o f i n d u c e d c u r r e n t s f o l l o w in g A SUDDEN CHANGE IN THE FIELD
The equations to the current lines, as given by (34), with the values of en(t) given in table 5, were calculated for t = 0,1, 3, 7 and 10 min. afte projections of these current lines on the equatorial plane, corresponding to equal increments of 0*1 in C ( C being zero on the equatorial circle), are shown in figu and are there compared with the current lines which would be obtained for a uniform ionospheric shell of the same mean conductivity. I t will be seen th at the total induced current (given by the value of C at the centre of the vortex system at each instant) is almost the same in the two cases.
In the case of the non-uniform ionosphere the current lines do not remain fixed; the centre of the current vortex system in the northern hemisphere starts at N but moves rapidly towards the subsolar point B. A similar current system is brought into'existence in the southern hemisphere, and its vortex centre also moves rapidly towards the point B. These vortex centres reach latitude 76° in 1 min., 57° in 3 min., 39° in 7 min. and 31° in 10min., by which time the total induced current has been reduced to 0-14 of its initial value. This changing distribution of the decaying current system obviously accounts for the various features of the total magnetic field exhibited in figure 5.
T h e i n i t i a l p h a s e o f m a g n e t ic s t o r m s
The results of the above calculations will now be considered in relation to some of the characteristic features of magnetic disturbance. I t is well known th at many magnetic storms start with practically simultaneous world-wide sudden changes in the magnetic elements, these being usually referred to as ' sudden commencements ', or more briefly as s.c.'s. In the great majority of s.c.'s, the main initial impulse in the horizontal component ( H) is positive, an increase of some 20 storm in middle and low latitudes) occurring in about 3 min. A recent examination of the Greenwich magnetic records by Newton (1948) has shown, for example, that, of the 681 s.c.'s found during six solar cycles , the change in H was positive in 91 % of cases, and ranged from 10 to 180y, the time taken to accomplish this change being apparently independent of the range, and of order 3 min.
The changes in the vertical component V and in the declination D have a less simple distribution over the globe than those of H. At any particular station, how ever, the change in V has a predominant direction (Chapman & Bartels 1940, p. 297 ), though it may be different for relatively near stations like Paris (upwards) and Green wich (downwards). There is usually no predominant direction for the change in D* at a particular station, this being as often eastwards as westwards, but for a particular s.c., the directions of A Da re usually the same for rela though often different for more distant stations. An analysis byMcNish (1933) of 151 s.c.'s a t Watheroo (1919-30) showed th at the average vector of the s.c. is directed almost opposite to the main disturbance vector of the following storm, and lies very nearly in the plane through the magnetic axis and the station, but is less inclined to the earth's surface than is a parallel to th at axis. These facts suggest th a t the direction of AF (upwards or downwards) is mainly determined by the geographical position of the station, whereas th at of A (eastwards or westwards) depends frequently on the local time of the station when the s.c. occurs, so that, a t Watheroo, for example, the average A Df or many times cancels out.
If the sudden commencement of a storm originates from a rapid change of the field outside the ionosphere, as is assumed in Chapman & Ferraro's theory (1931, 1932) , and in several other theories (e.g. Alfven's 1939) of magnetic storms, the electro-magnetic induction of currents in the ionosphere may have an important influence on the effects which would be observed on the earth's surface. These effects would include (i) a slowing down of the observed changes, (ii) a distribution with respect to local time of the disturbance vector over the earth's surface, depending on the distribution of conductivity in the ionosphere. We can obtain some idea of the nature of these effects from the results of our calculations in § § 9 and 10 above.
First, with regard to the slowing down of the observed changes on the earth's surface, figure 4 shows that, if the mean integrated conductivity of the ionosphere is of order 10-7 e.m.u., an instantaneous change in the external magnetic field would produce a terrestrial surface field which rises within 3 min. to about 80 % of the external field a t A (midnight on the equator) and to 30 % of the external field at B (midday on the equator). The field changes at other points on the earth's surface may be deduced from figure 5. Thus at 60° latitude, a t midday, the horizontal component rises to a value equalling the external field in about 3 min. and sub sequently exceeds it. This is because the vortex centre of the induced current system reaches this latitude in about 3 min. (cf. figure 6) , after which the induced currents enhance the horizontal components of the inducing field. An examination of the graphs in figure 5 shows th at at most points on the earth's surface an appreciable fraction of the inducing field is reached in about 3 min., though there are some regions (as at B) where only about 30 % of the field may be reached in this time.
* Though N ew ton (1948) finds th a t AD a t Greenwich is generally negative, i.e. w est wards. 
The induction of electric currents in a non-uniform ionosphere
T h e e s t im a t e d c o n d u c t iv it y o f t h e i o n o s p h e r e
If the mean conductivity of the ionosphere were 10 times as great as th at assumed above, i.e. if it were 10_6e.m.u., the time scale in all the above graphs would be multiplied by 10, implying that the observed surface field would take 30 min. instead of 3 to rise to the same values. The fact that observed s.c.'s are frequently completed in as little as 3 min. therefore suggests th at either (a) the mean integrated con ductivity of the ionosphere is not appreciably greater than 10_7e.m.u., or (6) the external inducing field is very much greater than the observed s.c. field, and is invariably followed by a reversed field after about 3 min., so th at the observed field is always prevented from building up a value comparable with the inducing field.
On general grounds, the second alternative ( ) seems rather improbable. I t is true that the magnetogram traces of most s.c.'s show an abrupt ending of the main impulse followed immediately by a slight recovery, but these features are probably due to oscillatory phenomena (perhaps partly instrumental) set up by the sudden change in the field. Frequently the s.c. is followed by considerable agitation in the H-trace, but there is, on the whole, a relatively slow recovery of H to its original undisturbed value, which may take 3 hr. or longer (Newton 1948, p. 164) . This means that, if (6) were true, we should have to make the unlikely assumption th at the inducing field first increases suddenly to a value H say, then decreases within 3 min. to a small fraction (say one-tenth) of H, and remains near this latter value for several hours.
I t seems therefore th at (a) is more probable than (b), implying th at the initial change in the inducing field is not much greater than the observed s.c. Some slight confirmation of this may perhaps be found in the perceptible slowing up towards the end of the impulse in H, which is sometimes observed (Newton 1948, p. 164) . Another fact which tends to suggest th at the time scale of figure 5 is about right, is the behaviour of the declination change AD. In many observed s.c.'s, AD stops and reverses (Chapman & Bartels 1940, p. 296) while the initial impulses in the H and V components are still proceeding. This is a feature which is reproduced in the calculated field changes as shown in figure 5 , and is there due to the fact th a t AD arises solely from the induced currents, and therefore decreases again as they decay. If we accept this interpretation of the observed behaviour of AD, we must conclude th at the mean integrated conductivity of the ionosphere is of order 10~7 e.m.u.
The above estimate of the conductivity of the ionosphere is of course based on the assumption th at the change in the external inducing field occurs with such rapidity th at we can treat it in the calculations as instantaneous. If this change is more gradual, the resulting estimate in the conductivity will be lower. If the rate of change differs only slightly from th at of the observed field, the integrated con ductivity will be of order 10-8e.m.u. or less, since this would provide hardly any shielding from an inducing field taking 2 or 3 min. to rise to its final value. The induced currents would in this case have little effect, and the calculated declination component AD would be correspondingly insignificant. We therefore conclude that, on the assumption th at the s.c.'s originate from a rapid magnetic field change out side the ionosphere, the mean integrated conductivity of the ionosphere probably lies between 10~8 and 10~7 e.m.u. This is the range of values already considered ( § 9) as likely to give an explanation of the observed facts about micropulsations, assuming that these too are of external origin.
The above estimate agrees well with th at obtained by Cowling (1945) who has applied corrected formulae for the conductivity of ionized gases in magnetic fields to the ionosphere. I t is considerably smaller than the earlier estimate (10~5 e.m.u.) obtained by Chapman (1919) from the dynamo theory of the lunar diurnal variation, but this estimate may be reduced by a factor / (as pointed out by Chapman) if the tidal motions in the ionosphere are / times as great as at ground level, and there is some evidence (Chapman & Bartels 1940, p. 759) th at /m a y indeed be as great as 1000. n f l u e n c e o f l o c a l t im e o n s u d d e n c o m m e n c e m e n t s The distribution of the s.c. vector over the earth's surface, which would result from our theory, has been described in § 10 and figure 5. One noteworthy feature of this distribution is the difference in the rate of growth of the field components at different points. Thus, a t A , the horizontal (northward) component reaches about 80 % of its final value in about 3 min., while, at B, only 30 % is reached in this time. This suggests th at the actual ionosphere may similarly slow down the field changes at some points more than at others, so that, while the change at a point like A might be recognized as a s.c., th at at a point like B might not. This would lead to an apparent diurnal variation of the frequency of s.c.'s observed a t a given station. In low latitudes the frequency would, according to the present theory, show a maximum at midnight and a minimum a t midday. But in higher latitudes the result would be affected by the changing distribution of the induced currents, in particular by the motion of the current vortex centres towards the point of highest con ductivity. Thus a t 60° N., the north component at the point /? (figure 5 ), on the day side of the earth, rises more rapidly (and reaches a higher value, due to the return currents in high latitudes) than the corresponding component at a, on the night side. This indicates th at any apparent dependence on local time of the frequency of occurrence of s.c.'s would probably be quite different from th at noted above for low latitudes.
T h e i
An apparent diurnal variation of frequency of occurrence of s.c.'s has been found by Newton (1948) in the Greenwich magnetograms. This shows a minimum around 8 to 9 hr. with a sharp rise about noon to an afternoon maximum. The above cal culations do not afford an immediate explanation of these facts, but it is possible th a t the afternoon maximum may be associated with the return currents in higher latitudes on the sunlit side of the earth. The simplified model of the earth and iono sphere used in our calculations makes this maximum occur a t midday; a more accurate model which takes into account the obliquity of the earth's magnetic axis, and represents the distribution of conductivity in the ionosphere more exactly, might possibly lead to some explanation of Newton's results.
I t would be of interest to repeat Newton's analysis of s.c.'s for stations in several different latitudes; in low latitudes the inaccuracies due to our over-simplified model would be less important, and we might expect to obtain an apparent variation of frequency of the type already indicated. I t would also be of interest to examine the sign of A Di n relation to the local time of occurrence of the s.c., as our simple theory indicates th at this sign will be dependent both on local time and on latitude ( §10).
S c h m id t 's ' w a n d e r in g v o r t i c e s '
The distribution of the large and irregular fluctuations which occur during mag netic storms has, generally speaking, a local character, the magnetograms of relatively near observatories showing many corresponding features, while those of widely separated observatories show only a few.* I t was shown by Schmidt (1899) th at the distribution of some, a t any rate, of these fluctuations is such th at they could be ascribed to varying vortex systems of electric current in the upper atmo sphere, whose centres are in some cases stationary, but in others move with great rapidity across the area of the disturbance.
From the calculations we have made it will be evidence th at initial distribu tion of current in a non-uniform ionospheric shell (whether produced by electro magnetic induction or otherwise) will resolve itself into vortex systems, whose centres move rapidly towards the more highly conducting regions. We are thus led to a possible explanation of Schmidt's ' wandering vortices ', namely, th at the motion of these vortices is due purely to self-induction in a non-uniform ionosphere. I t is perhaps worth emphasizing that, in order to explain these moving vortices, it is unnecessary to assume either (i) th at there is any mass motion of the conducting material, or (ii) that the currents are produced by some moving primary source of electromotive force. Once the currents are produced (by electromagnetic induction or otherwise), the non-uniform distribution of conductivity in the ionosphere will necessarily cause the current vortices to move in the manner described.
16. S a n g s t e r 's r o t a t io n s I t was shown by Sangster (1910) ,* from a study of the Greenwich magnetograms, that, during magnetic disturbance, the horizontal component of the disturbance vector, besides varying in magnitude, rotates for considerable periods in the same direction, so th at its end describes a sequence of loops, which vary greatly in size and shape, but are all described in the same sense, when viewed say from above. Sangster also showed that the direction of rotation changes at about 10 hr. and again a t 24 hr. From 10 to 24 hr. almost all the rotations are anticlockwise, while from 0 to 10 hr. clockwise rotations predominate.
We suggest th at there is a close and significant relationship between Sangster's phenomena and Schmidt's wandering vortices. For it is readily seen th at a current vortex in the ionosphere, moving southwards approximately along a meridian to the west of Greenwich, would cause the disturbance vector a t Greenwich to rotate in an anticlockwise direction through one half-revolution. If this vortex were succeeded by another of opposite polarity, the vector would rotate in the same direction through the remaining half-revolution. Hence a succession of such vortices of alternate polarities would account for the continued rotation of the disturbance vector in the anticlockwise direction, which is found a t Greenwich from 10 to 24 hr. If the vortices were moving southwards along a line to the east of Greenwich the rotation of the disturbance vector would be clockwise, corresponding to th at found at Greenwich for 0 to 10 hr. If the vortices (in either case) were moving northwards instead of southwards the vector would rotate, of course, in the opposite direction. Similar results would be found for a succession of alternate vortices moving along any line not actually passing through the station; in the latter case there would be no rotation, the disturbance vector retaining a fixed direction, bu t varying in magni tude and sign.
The above remarks are very well illustrated by the figure given by Schmidt (and reproduced in Chapman & Bartels (1940, p. 313)) , to show how the horizontal component of the disturbing force a t ten European stations varied during a period of disturbance on 28 February 1896. This figure is made much clearer if hypothetical current lines are sketched in, normal to the disturbance vectors, as in figure 7. I t will be seen from this figure th a t a current vortex, whose centre lies to the north-west of the stations a t 18hr. 2 min., moves southwards along a line to the west of the stations, and a t 18 hr. 17 min, lies to the south-west of them. This vortex is followed by a second one of opposite polarity, as shown in figure 7 e. A t 18 hr. 39 min. there is a vortex of the same polarity as the second one, lying due west of the stations; this is probably not the same vortex, but a later member of the series. If the above suggestion as to the nature of the relation between Sangster's rota tions and Schmidt's vortices is accepted, we are led to a remarkably simple explana tion of Sangster's results. For it will be seen from figure 3 th at the sequence of vortices, which would give rise to Sangster's rotations, are exactly those we have found to result from an oscillating external inducing field, parallel to the earth's axis. For example, during the afternoon and up to midnight, the point of highest conductivity of the ionosphere would lie to the south-west of Greenwich, and th a t of lowest conductivity to the south-east. Consequently the vortex centres of the induced current systems would be moving southwards along a line to the west of Greenwich and northwards along a line to the east, thus giving rise to an anticlock wise rotation of the disturbance vector, as observed. At midnight these conditions would be reversed and the vector would subsequently rotate in the clockwise direction, also as observed. Our simple theory indicates a change back to the anti clockwise direction at noon; Sangster's analysis of the observations makes this change occur a t 10 hr. I t is tempting to suggest th at this earlier epoch may be due to earth currrents induced in the great stretch of sea to the west of Greenwich, but it is of course desirable to investigate the Sangster rotations a t other stations before attempting to elaborate the theory.
We do not, of course, suggest th at the current vortices will have the simple character shown in figure 3 . The inducing field is likely to be parallel to the magnetic rather than the geographic axis. Moreover, the distribution of conductivity in the ionosphere will be much less simple than we have supposed; in particular, there may be local regions of high conductivity apart from the general maximum near the subsolar point B. This will lead to an irregular and more complex system o than the one obtained from our calculations. But there will be, on the whole, the same tendency for these vortices to move towards the subsolar point, and we suggest th at it is this tendency which explains Sangster's clockwise and anticlockwise rotations.
I t should perhaps be added th at it does not seem essential to the above explanation to suppose th at the current vortices are necessarily produced by an external in ducing field, since they would show the same tendency to move towards the subsolar point no m atter how they are produced. But this mode of production would seem to be the simplest hypothesis, and the one most likely to be in agreement with present theories of magnetic storms. In order to lead to the above results, it would require the ionosphere to have a mean integrated conductivity of the same order (10-7 e.m.u.) as th at already estimated from other considerations.
